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STANDARD MODEL REDUCTION




MULTI-BODY SYSTEMS

Equation of motion

MG+ h(g,q) = S'r+JIF

Constraints

- 7 € {feasible torques}

- F € {feasible contact forces}

Assumption

- (Rigid bodies)



NEWTON-EULER DYNAMICS

Equations of motion

C = %Z,fﬂ‘g
i = Yipi—¢) xf;

Constraints

- Friction cones: Vi, f; € C;

Assumption

- Infinite torques



FORWARD INTEGRATION

Equations of motion
¢ = +Xifi+3
Lc - Zi(pi - C) X fl

Forward integration approximated
by iterative methods (e.g. RK4)




PENDULAR MODE

Pendular mode
LC — 0

Conserve the angular momentum
at the center-of-mass

- Pro: enables exact forward
integration

- Con: assumes L. = 0 feasible
regardless of joint state




FROM 2D TO 3D LOCOMOTION




LIPM AND CART-TABLE

LIPM [Kaj+01] CART-table [Kaj+03]

- Control: ze S - Control: ¢ € w?(c—8)+g
- Output: ¢ - Output: z



LINEAR INVERTED PENDULUM MODE

Equation of motion

¢ =wic-2)+3§

Constraints

- /MP supportarea: ze S

Assumptions

- Infinite torques
- Pendular mode
- COM lies in a plane: ¢, = h

- Infinite friction

- Contacts are coplanar



WITHOUT INFINITE FRICTION

Figure 1: ZMP support area with friction [CPN17]



WITHOUT COPLANAR CONTACTS

Figure 2: ZMP support area with non-coplanar contacts [CPN17]



LINEAR PENDULUM MODE

Equation of motion

¢ = +w?(c—2)+7

Constraints

- /MP supportarea: ze S

Assumptions

- Infinite torques
- Pendular mode

- COM lies in a virtual plane
chosen via +w? = g/h
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OBSERVATION

ZMP support area S changes with COM position:

n



LIPM AND CART-TABLE

2D LIPM 2D CART-table
-
. !)
I\
_ : h
o~
- Control: ze S - Control: ¢ € w?(c—8)+g

- Output: ¢ - Output: z
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3D CART-TABLE




COM ACCELERATION CONE

Algorithm [CK16]
Compute the 3D cone C of COM accelerations

Figure 3: ZMP support areas for Figure 4: COM acceleration cone
different values of +w? for the same stance
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OBSERVATION

The cone C still depends on the COM position c:
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PREDICTIVE CONTROL

For predictive control, intersect cones C over all ¢ € preview:

Preview
COM accelerations

N Preview -
s COM locations -

Walking patterns not very dynamic, but works surprisingly well!
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CHECK IT OUT!

https://github.com/stephane-caron/3d-com-mpc


https://github.com/stephane-caron/3d-com-mpc

3D PENDULUM MODE




LIPM AND CART-TABLE

2D LIPM 3D COM-accel [CK16]

- Control: ze S - Control: ¢ € C(c)
- Output: ¢ - Output: z



INVERTED PENDULUM MODE

Linear Inverted Pendulum

¢ =wi(c—2)+7
Plane assumption: w = 4/

l

Remove this assumption:

Inverted Pendulum

¢ =Xc-2)+g




INVERTED PENDULUM MODE

Equation of motion

¢ =MNc—2)+g

Constraints

- Unilaterality A > 0
- /MP supportarea: ze S

Assumptions

- Infinite torques

- Infinite friction

- Pendular mode
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INVERTED PENDULUM MODE WITH FRICTION

Equation of motion

¢ =XNc-2)+g

Constraints

- Unilaterality A > 0
- ZMP support area: ze S

- Friction: c—z€eC

Assumptions

- Infinite torques

- Pendular mode
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INVERTED PENDULUM MODE: QUESTION

Equation of motion

¢ =XNc—-2)+g

- Product bwn control and state

- Forward integration: how to
make it exact?
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REFORMULATION

Floating-base inverted pendulum (FIP)
Allow the ZMP to leave the contact area.!

/

(o

Figure 5: Friction constraint Figure 6: ZMP constraint

TAt heart, it is used to locate the central axis of the contact wrench [SB04]
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FLOATING-BASE INVERTED PENDULUM

Equation of motion

¢ = w?(c—2)+§

Constraints [CK17]

- Friction: c—z€eC

- ZMP support cone:
Vi,e[-(v,—c) X (Z—V,‘) <0

Assumptions

- Infinite torques

- Pendular mode
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PROPERTIES OF FIP MODEL

Equation of motion
¢ = wi(c—2)+g
- Forward integration is exact:
c(t) = ape®t + o™ + o

- Capture Point is defined:
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MODEL PREDICTIVE CONTROL

NMPC Optimization

+ Runs at 30 Hz

- Adapts step timings

- FIP for forward integration

- Sometimes fails...

Linear-Quadratic Regulator

- Runs at 300 Hz
- Takes over when NMPC fails
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CHECK IT OUT!

https://github.com/stephane-caron/dynamic-walking
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https://github.com/stephane-caron/dynamic-walking

CONCLUSION




CONCLUSION

2D LIPM 2D CART-table
-
. !)
I\
_ : h
o~
- Control: ze S - Control: ¢ € w?(c—8)+g

- Output: ¢ - Output: z
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CONCLUSION

3D FIP [CK17] 3D COM-accel [CK16]

- Control: z € §(¢) - Control: ¢ € C(c)
- Output: ¢ - Output: z
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THANKS FOR LISTENING!
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